The CP properties of Higgs bosons can be probed through their s-channel resonance productions via photon-photon collisions by use of circularly and/or linearly polarized backscattered laser photons at a TeV-scale linear e + e − collider. Exploiting this powerful tool, we investigate in detail the Higgs sector of the minimal supersymmetric Standard Model with explicit CP violation.
I. INTRODUCTION
The minimal supersymmetric standard model (MSSM), of which the Higgs sector is a well-defined two-Higgs-doublet model (2HDM), contains several CP -violating phases absent in the Standard Model (SM). In particular, the CP -violating phases of the higgsino mass parameter µ and of the stop and sbottom trilinear couplings A t and A b can affect the neutral Higgs sector significantly at the loop level due to the large Yukawa couplings, leading to a large mixing between the CP -even and CP -odd neutral Higgs bosons as well as to an induced relative phase ξ between the vacuum expectation values of the two Higgs doublets [1, 2] .
The CP -violating phases do not have to be suppressed in order to satisfy the present experimental constraints from the electron and neutron electric dipole moments (EDMs) [3] . This has been shown, for example, in the context of the so-called effective supersymmetry (SUSY) model [4] where the first and second generation sfermions are decoupled, but the third generation sfermions remain relatively light to preserve naturalness. Based on the scenarios of this type, the sensitivities of a variety of experimental observables to CP violation in the sfermion sector as well as the neutral Higgs sector have been recently examined in B decays [5] , supersymmetric dark-matter searches, and production of sparticles and Higgs bosons at LEP II, LHC and muon colliders [1, 6, 7] .
One of the cleanest determinations of the neutral Higgs sector CP violation in the MSSM can be achieved by observing the CP properties of all three neutral Higgs particles directly. In this light, the s-channel resonance production of neutral Higgs bosons in γγ collisions [8] has long been recognized as an important instrument to study the CP properties of Higgs particles [9, 10] at a linear e + e − collider (LC) by use of polarized high energy laser lights obtained by Compton back-scattering of polarized laser light off the electron and positron beams [11] . In the context of a general 2HDM involving a lot of free parameters, the powerfulness of the production mechanism has been demonstrated by Grzadkowki and Gunion [9] . On the contrary, the parameters determining the MSSM Higgs sector CP violation are well defined so that the dependence of the CP violation in the Higgs sector on the relevant parameters can be explicitly studied. So, in this paper, we demonstrate that polarized back-scattered laser photons at a TeV-scale LC enable us to investigate the CP violation of the Higgs sector in the MSSM through s-channel Higgs-boson production via γγ collisions in detail including its dependence on the relevant SUSY parameters.
In Sec. II we briefly review the CP -violating Higgs-boson mixing in the MSSM induced at the loop-level from the stop and sbottom sectors due to the complex higgsino mass parameter, µ, and trilinear couplings, A t and A b . Sec. III is devoted to a model-independent description of the s-channel Higgs-boson production in polarized γγ collisions leading to three polarization asymmetries expressed in terms of two complex form factors for each neutral Higgs boson; one form factor is CP -even and the other one CP -odd. Then we briefly describe the mechanism of generating polarized back-scattered laser photons and controlling the polarizations of the generated photons at a LC. In Sec. IV, we present the analytic form of the CP -even and CP -odd form factors explicitly in terms of the relevant SUSY parameters in the MSSM with explicit CP violation. And in Sec. V we investigate in detail the dependence of the total production rates and the three polarization asymmetries on the CP -violating phases with the values of the other SUSY parameters fixed. The conclusion is given in Sec. VI and all the interaction Lagrangian terms needed for the present work are listed in the Appendix.
II. CP-VIOLATING NEUTRAL HIGGS-BOSON MIXING
The most general CP -violating Higgs potential of the MSSM can conveniently be described by the effective Lagrangian [2] :
The CP -even and CP -odd Higgs-boson states mix unless all the imaginary parts of the parameters λ 5 , λ 6 , λ 7 vanish 1 and the symmetric Higgs-boson mass matrix M 2 N can be diagonalized by a 3 × 3 orthogonal matrix O relating the weak eigenstates to the mass eigenstates as
with the mass ordering of m
The characteristic size of the CP -violating neutral Higgs-boson mixing is determined by the factor
where Y f is the Yukawa coupling of the fermion f , Φ A f µ = Arg(A f µ) + ξ for f = t, b, and M SUSY is a typical SUSY-breaking scale, of which the square might be taken to be the average of the two sfermion masses squared, i.e.
)/2. The neutral Higgs-boson mixing modifies not only the Higgs mass spectra but also their couplings to fermions, to sfermions, to the W and Z gauge bosons, and to the Higgs bosons themselves significantly. (See the Appendix to find the interaction Lagrangian terms for the couplings of the Higgs bosons with the fermions and bosons). Therefore, the CP -violating mixing can affect the cross section of the process γγ → H i (i = 1, 2, 3) significantly because the two-photon fusion process is mediated by loops of all charged particles with non-zero mass.
Although the stop and sbottom trilinear parameters are in general independent, we assume for our numerical analysis a universal trilinear parameter A ≡ A t = A b and we vary the phase Φ = Φ µ + Φ A , where Φ A is the phase of the universal parameter A, over the range [0 o , 360 o ] and the charged Higgs-boson mass m H ± up to 1 TeV. In addition, noting that the CP -violating phases could weaken the present experimental bounds on the lightest Higgs mass up to about 60 GeV [2] , we simply apply the lower mass limit M H 1 ≥ 70 GeV to the lightest Higgs-boson determining the lowest allowed value of M H ± for a given set of SUSY parameters. For the parameter tan β, we take tan β = 3 or 10 as the values representing the small and large tan β cases, respectively. Finally, we take for the remaining dimensionful parameters
1 If all the imaginary parts of λ i (i = 5, 6, 7) are zero, the induced phase ξ vanish as well.
for f = t, b, safely avoiding the two-loop EDM constraints [12] . The parameter set (7) gives a rather large CP -violating neutral Higgs-boson mixing as can be seen in Eq. (6) . However, the dependence of our results on a different parameter set can be easily worked out.
III. TWO-PHOTON FUSION INTO HIGGS BOSONS

A. Model independent description
In the presence of the CP -violating neutral Higgs-boson mixing, the production amplitude of the two-photon fusion process γγ → H i (i = 1, 2, 3) can be parameterized in a model-independent way in terms of two (complex) form factors A i and B i as
where s is the c.m. energy squared of two colliding photons and the notation ǫ 1 ǫ 2 k 1 k 2 stands for the Lorentz invariant contraction ǫ µναβ ǫ
In the two-photon c.m coordinate system with one photon momentum k 1 along the positive z direction and the other one k 2 along the negative z direction, the wave vectors ǫ 1,2 of two photons are given by
where λ = ±1 denote the right and left photon helicities, respectively. Inserting the wave vectors into Eq. (8) we obtain the production helicity amplitude for the photon fusion process as follows
with λ 1,2 = ±, yielding the absolute polarized amplitude squared
with the Stokes parameters {ζ i } and {ζ i } (i = 1, 2, 3) of two photon beams, respectively. The first factor in Eq. (11) is the unpolarized amplitude squared;
and three polarization asymmetries A i (i = 1, 2, 3) are defined in terms of the helicity amplitudes and expressed in terms of the form factors A i and B i as
In the CP -invariant theories with real couplings, the form factors A i and B i cannot be simultaneously non-vanishing so that they should satisfy the relations; A 1 = A 2 = 0 and A 3 = +1(−1) depending on whether the Higgs boson is a pure CP -even (CP -odd) state. In other words, A 1 = 0, A 2 = 0 and/or |A 3 | < 1 ensure a simultaneous existence of non-zero A i and B i implying CP violation. Note that the asymmetry A 1 is non-vanishing only when A i and B i have a finite relative phase. As will be seen explicitly in the next section, even for the real MSSM couplings A i (s) and B i (s) could be complex because of the nontrivial developments of the imaginary parts for the Higgs masses larger than twice the loop masses.
In the narrow-width approximation, the partonic cross section of the s-channel Higgsboson production γγ → H i can be expressed as
which is eventually to be folded with a realistic photon luminosity spectrum. Certainly, it is recommended to use as hard photon spectra as possible and to have the capability of controlling photon polarizations with ease. Such a high energy polarized photon beam is available using Compton backscattering of laser light off the electron or positron beams. Although the detailed description of the generation mechanism has been provided in literature, we will describe for our purpose the mechanism briefly in the following subsection.
B. Polarized high energy laser back-scattered photons
High energy colliding beams of polarized photons can be generated by Compton backscattering of polarized laser light on (polarized) electron/positron bunches of e + e − linear colliders 2 . The polarization transfer from the laser light to the high energy photons is described by three Stokes parameters ζ 1,2,3 ; ζ 2 is the degree of circular polarization and {ζ 3 , ζ 1 } the degree of linear polarization transverse and normal to the plane defined by the electron direction and the direction of the maximal linear polarization of the initial laser light. Explicitly, the Stokes parameters take the form [11] :
where y is the energy fraction of the back-scattered photon with respect to the initial electron energy E e , {P c , P t } are the degrees of circular and transverse polarization of the initial laser light, and κ is the azimuthal angle between the directions of initial photon and its maximum linear polarization. Similar relations can be obtained for the Stokes parametersζ of the opposite high energy photons by replacing (P c , P t , κ) with (P c ,P t , −κ). The functions f 0 , f 2 , and f 3 determining the photon energy spectrum and the Stokes parameters are given by
with r = y/x(1 − y) and
for the initial laser energy ω 0 . We observe in Eqs. (11) and (15) that the linear polarization of the high energy photon beam is proportional to P t whereas the circular polarization is proportional to P c . Therefore, it is necessary to have both circularly and linearly polarized photons in order to measure all the polarization asymmetries A 1,2,3 and as a result the complex form factors A i (s) and B i (s).
After folding the luminosity spectra of two photon beams, the event rate of the Higgs boson production via two-photon fusion is given by
where dLγγ dη is the two-photon luminosity function depending on the details such as the e-γ conversion factor and the shape of the electron/positron bunches [11] , and η ≡ s/s ee = m 2 H i /s ee . The luminosity correlation functions f i * f j η are defined as
with the normalization N = ymax 0 dy f 0 (y) and y max = x/(1 + x). We show in Fig. 1 the correlation function f 0 * f 0 η and the three ratios of the correlation functions appearing in Eq. (17) for x = 0.5 (solid line), 1.0 (dashed line), and 4.83 (dotted line). For a larger value of x, the correlation function f 0 * f 0 η , to which dL γγ /dη is proportional, becomes more flat and the maximal obtainable photon energy fraction becomes closer to the electron beam energy. Exploiting this feature appropriately could facilitate Higgs-boson searches at a photon linear collider. The three figures for the ratios of correlation functions clearly show that the maximal sensitivity to each polarization asymmetry A i can be acquired near the the maximal value of η = y 2 max . Therefore, once the Higgs-boson masses are known, one can obtain the maximal sensitivities by tuning the initial electron energy to be
On the other hand, the ratio f 3 * f 3 η / f 0 * f 0 η is larger for a smaller value of x and for a given x the maximum value of the ratio is given by
Consequently, it is necessary to take a small x and a high E e by changing the laser beam energy ω 0 so as to acquire the highest sensitivity to CP violation in the neutral Higgs sector.
IV. THE MSSM WITH EXPLICIT CP VIOLATION
In this section, we consider the MSSM as a specific 2HDM, in which the Higgs sector CP violation is induced at the loop level from the stop and sbottom sectors defined by the trilinear parameters A t,b and the higgsino mass parameter µ [2] . Then, we derive the explicit form of the form factors A i (s) and B i (s) by calculating the loop contributions from the bottom and top quarks, the charged Higgs boson, the W boson as well as the lighter top and bottom squarks 3 . Taking the sum of all the charged particle contributions, we obtain for the form factor
with the CP -even functions
where N c = 3, the scaling variable τ ix = m , C i , and O α,4−i as well as R f β is given in the Appendix. On the other hand, the form factor B i related to the fermionic triangle anomaly has the contributions only from the top and bottom quarks and it takes the form
where the definition of the real couplings a i f also can be found in the Appendix. The form factors F sf , F pf , F 0 , and F 1 can be expressed as
in terms of the scaling function f (τ ) [13] :
It is clear that the imaginary parts of the form factors are developed for the Higgs-boson mass greater than twice the mass of the charged particle running in the loop, i.e. τ ≥ 1 as shown explicitly in Fig. 2 . In the presence of weak CP -violating phases, this development of the imaginary parts can lead to a nonzero polarization asymmetry A 1 .
V. NUMERICAL RESULTS
Based on the parameter set (7) for two values of tan β = 3, 10, we investigate in detail the dependence of the unpolarized partσ 0 (H i ) and the three polarization asymmetries A i for the production of all the three Higgs bosons via two-photon fusion. However, we do not present the cross sections folded with the photon luminosity spectra explicitly because they can be obtained in a rather straightforward way from the partonic cross sections. We do not take into account the QCD radiative corrections either, but for the details we refer to Ref. [14] . required to ensure the validity of the loop corrections to the Higgs potential [15, 2] . The charged Higgs-boson contributions to the production cross sections are negligible for every Higgs boson because the charged Higgs-boson-pair threshold is much higher than M H 1 and nearly twice as large as the heavier Higgs-boson masses M H 2,3 for both tan β = 3 and tan β = 10. Firstly, we consider the production of the lightest Higgs boson H 1 with its mass m H 1 less than 130 GeV. For tan β = 3 the cross sectionσ 0 (H 1 ) is dominated by the W loop contributions which are hardly dependent on the phase Φ. On the other hand, for tan β = 10 the W loop contributions become very sensitive to the CP -violating phase Φ and so does the cross section, especially for a small Higgs-boson mass. Numerically, the first frame of the right column in Fig. 3 shows that the decrease of the cross section with increasing Φ is much more significant for a smaller Higgs boson mass.
Secondly, we consider the production of the heavier Higgs bosons H 2 and H 3 . In the case of tan β = 3, we note:
• In the CP -invariant theories, i.e. when Φ = 0 o , the partonic cross sectionσ 0 (H 2 ) has the contributions only from the top-quark loop 4 . This is evident by noting that the thick solid line has a single peak at the top-quark-pair threshold.
• As the phase Φ increases, the contributions of the W boson and light stop loops become sizable; the former contributions are evident for smaller values of M H 2 and the latter ones for larger values of M H 2 . This is because the Higgs boson H 2 develops its CPeven component with non-trivial Φ. The stop contributions always increase the cross sectionσ 0 (H 2 ) above the top-quark-pair threshold. It is noted that there exist small changes below the top-quark-pair threshold due to the new W loop contributions.
• In the CP -invariant case the heaviest Higgs boson H 3 is CP -even so that the main contributions to the cross sectionσ 0 (H 3 ) are from the top-quark loop with the function F sf (τ ) smoother than the other functions around the top-quark-pair threshold. The steep rise of the cross section with decreasing M H 3 is due to the W loop contribution near the W -pair threshold. Near the lighter stop-pair threshold one can see a small bump due to the lighter stop loop contribution.
• The cross sectionσ 0 (H 3 ) increases significantly with the phase Φ due to the lighter stop-loop contributions except for smaller values of M H 3 .
In the case of tan β = 10, we may draw the similar arguments as in the case of tan β = 3 except for two significantly different aspects; (i) the bottom as well as sbottom loop contributions become significant. For example, the small increase of the lower end tail of the thick solid line in the second figure of the right column for Φ = 0 o is caused by the bottom-quark-loop contribution; (ii) the mass ordering of the heavy CP -odd and CP -even Higgs states is completely interchanged for large Φ, that is to say, H 2 becomes CP -even and H 3 becomes CP -odd for large Φ. (This aspect can be seen more clearly by the polarization asymmetry A 3 for tan β = 10 as will be shown in the following.) This (almost) complete interchange of the CP properties is reflected in the similar patterns betweenσ 0 (H 2 , Φ = 0 o ) andσ 0 (H 3 , Φ = 160 o ) as well as betweenσ 0 (H 2 , Φ = 160 o ) andσ 0 (H 3 , Φ = 0 o ) as can be checked in Fig. 3 .
The cross sections are not genuine CP -odd observables so that they cannot allow us to measure the CP -violating phase directly. On the contrary, as mentioned before, the measurements of the polarization asymmetries enable us to probe CP violation directly. In order to discuss the polarization asymmetries more efficiently, we first consider the case of tan β = 3. . The left column is for the polarization asymmetry A 1 , the middle column for the polarization asymmetry A 2 , and the right column for the polarization asymmetry A 3 . The polarization asymmetries for the CP -violating phase Φ larger than 180 o can be read by the relations
reflecting the fact that the asymmetries A 1,2 are CP -odd observables and the asymmetry A 3 a CP -even observable. We note from Fig. 4 that (i) for the lightest Higgs boson H 1 the asymmetry A 1 is smaller than 1% and the deviation of the asymmetry A 3 from the unity is negligible, whereas the asymmetry A 2 can be as large as 5% if the Higgs boson is light, (ii) for the heavier Higgs bosons H 2 and H 3 , the asymmetries A i are determined mainly by the top and stop loop contributions above the top-pair threshold, while they are determined by the top and W loop contributions below the top-pair threshold, and (iii) there exists an additional small contribution from the bottom loop contribution to the asymmetry A 1 below the W -pair threshold. The same polarization asymmetries are displayed as a function of each Higgs-boson mass for the same set of the phases in Fig. 5 by taking a larger value of tan β = 10 rather than tan β = 3 as in Fig. 4 . Unlike the small tan β case, Φ = 160 o is allowed so that the polarization asymmetries (dash-dotted line) for the phase value are also considered in the discussion. We note from Fig. 5 that (i) even for the lightest Higgs boson H 1 , the polarization asymmetries A 1 and A 2 can be as large as 40% and 7%, respectively and the deviation of A 3 from the unity can be as large as 10% unlike the small tan β case, (ii) the polarization asymmetries A i for the heavier Higgs bosons H 2 and H 3 are determined mainly by the top/bottom and stop/sbottom loop contributions above the top-quark-pair threshold, while below the top-quark-pair threshold the main contributions come from the top/bottom and W loops, and (iii) for large Φ values (Φ = 120 o and 160 o ) the CP -parities of the heavier Higgs bosons are interchanged as can be checked in the two lower frames of the right column for A 3 .
Combining the numerical results from Figs. 4 and 5, we can conclude that for a small tan β the best CP observable is the polarization asymmetry A 2 whereas for a large tan β the polarization asymmetry A 1 is the most powerful observable for detecting CP -violation in the production of the lightest Higgs boson. Therefore, for a small tan β it is necessary to prepare the colliding photon beams with large linear polarizations, but those with large circular polarizations for a large tan β. On the other hand, all the polarization asymmetries A i for the heavy Higgs bosons H 2 and H 3 are mostly very sensitive to the the CP -violating phase Φ irrespective of the value of tan β. Moreover, the polarization asymmetries A 1 and A 2 are complementary in the sense that in the mass range where one asymmetry is insensitive to Φ the other one is always sensitive to the phase.
VI. CONCLUSION
We have studied the possibility of measuring the CP properties of the Higgs bosons in the MSSM with explicit CP violation in the production of all the three neutral Higgs bosons in two-photon fusion with polarized back-scattered laser photons.
Our detailed analysis has clearly shown that collisions of polarized photons can provide a significant opportunity for detecting CP violation in the MSSM Higgs sector induced at the loop level from the stop and sbottom sectors. 
